We study the cosmological evolution of two coupled scalar fields with an arbitrary interaction term VT (φ, ϕ) in the presence of a barotropic fluid, which can be matter or radiation. The force between the barotropic fluid and the scalar fields is only gravitational. We show that the dynamics is completely determine by only three parameters λi, i = 1, 2, 3. We determine all critical points and study their stability. We find six different attractor solutions depending on the values of λi and we calculate the relevant cosmological parameters. We discuss the possibility of having one of the scalar fields as of dark energy while the other could be a scalar field redshifting as matter.
I. INTRODUCTION
A dark energy component is probably responsible for the present stage of acceleration of our universe [1] , [2] . Perhaps the most appealing candidate for dark energy is that of a scalar field, quintessence [3] , which can be either a fundamental particle or a composite particle [4] . Within the context of field theory and particle physics it is appealing to interpret the dark energy as some kind of particles that interact with the particles of the standard model very weakly [5] . The weakness of the interaction is required since dark energy particles have not been produced in the accelerator and because the dark energy has not decayed into lighter (e.g. massless) fields such as the photon. It is common to assume the interaction between the dark energy and all other particles to be via gravity only, however recently interacting dark energy models have been proposed [8] - [11] . This has been motivated in part by the cosmological observations where an equation of state of dark energy may be smaller than minus [1] , [2] . In general fluids with w < −1 give many theoretically problems such as stability issues or wrong kinetic terms as phantom fields [13] . However interacting dark energy [8] - [11] , [12] , where the dark energy interacts not only gravitationally with other fluids, is a very simple and attractive option which may lead an apparent equation of state smaller than -1 [11] . These fluids can be dark matter, neutrinos or other scalar fields.
We study in this letter the cosmological evolution of the two scalar fields with arbitrary potentials in the presence of a barotropic fluid, which can be matter or radiation. We show that all models dependence lies on three parameters λ i , i = 1, 2, 3 defined in eq.(27). We determine the dynamical equations and obtain the attractor solutions as a function of these λ i . We find six different attractor solutions depending on the relative size of λ i and we calculate the relevant cosmological parameters.
This letter is organized as follows. In section II we set up the framework for the cosmological evolution of two scalar fields with an arbitrary potential in the presence of a barotropic fluid. In section III we present the conditions on the scalar potential for dark energy. In section IV we derive the dynamical first order differential equations and we show that the system is determined by only three parameters. In section V we calculate the critical points and we study the stability of each solution and we give a few examples. In section VI we study different asymptotic limits and we present a discussion on specific particle physics motivated examples. Finally in section VII we present our conclusions.
II. COUPLED SCALAR FIELDS
Our starting point is a universe filled with two scalar fields φ, ϕ and a barotropic energy density ρ b , which can be either matter w b = 0 or radiation w b = 1/3. We will assume that the scalar fields interact via a potential V T (φ, ϕ) while there is only gravitational interaction between these fields and the barotropic fluid. This work generalizes that of a single scalar field and a barotropic fluid [6] .
One of this scalar fields, namely φ, may be considered as dark energy (quintessence) but it is not necessary to interpret φ as dark energy and we will work in a completely general framework. We take the following Lagrangian for the scalar fields φ and ϕ
with the total potential V T (φ, ϕ). Instead of working with the total potential V T we find it useful to separate the contribution of the interacting and non interacting terms to differentiate the contribution of the two scalar fields. So, without loss of generality, we take the total potential as
with V (φ) a potential only depending on φ and the interacting potential B(φ, ϕ) is a function of both fields. Of course we could take B(φ, ϕ) = h(φ, ϕ) + K(ϕ) with V T = V (φ) + h(φ, ϕ) + K(ϕ) to have a more symmetric potential between the fields φ and ϕ. However, it is more convenient to keep only the two potentials V and B.
The equation of motion of φ and ϕ for a spatially flat Friedman-Robertson-Walker (FRW) universe arë
where the subindex in V and B is defined as V φ ≡ ∂V /∂φ, B φ ≡ ∂B/∂φ and B ϕ ≡ ∂B/∂ϕ. The Hubble parameter H ≡ȧ/a is
where we have taken 8πG ≡ 1 and ρ is the total energy density, ρ b the barotropic fluid and ρ φ , ρ ϕ are defined in eqs. (8) and (9) . The mass of the scalar fields is given by
We can also define the energy density and pressure for the fields φ as
and that of ϕ as
Using eqs. (8) and (9) we can rewrite the dynamical eqs.(3), (4) in terms of the energy densities aṡ
where we have included the evolution of the barotropic fluid ρ b and δ ≡ B φφ (11) defines the interaction term. The equation of state parameters are given by
and the time derivative of H iṡ
A. Effective Equation of State
To obtain an effective equation of state we simply rewrite eqs.(10) aṡ
with the effective equation of state defined by
We see from eqs. (14) that w φef f , w ϕef f give the complete evolution of ρ φ and ρ ϕ . For B φφ > 0 we have w ef f > w φ and the fluid ρ φ will dilute faster then without the interaction term (i.e. B φφ = 0) while ρ ϕ will dilute slower since w ϕef f > w ϕ . Which fluid dominates at late time will depend on which effective equation of state is smaller. The difference in eqs. (15) is [6] ∆w ef f ≡ w ϕef f − w φef f = ∆w − Υ
with ∆w ≡ w ϕ − w φ and Υ defined as
while the sum gives
Clearly the relevant quantity to determine the relative growth is given by Υ and if Υ > ∆w we have ∆w ef f < 0 and ρ ϕ will dominate the universe at late times while for Υ < ∆w we have ∆w ef f > 0 and ρ φ will prevail. In the limit of no interaction δ = B φφ = 0 we get Υ = 0 and ∆w ef f = ∆w > 0 if w φ < w ϕ and ρ φ will dominate at late times. If Υ = ∆w then w ϕef f = w φef f and the ratio of both fluids ρ ϕ /ρ φ will approach a constant value. If the universe is dominated by ρ φ + ρ ϕ , i.e. Ω φ + Ω ϕ = 1, then eq. (18) gives
i.e. the effective equation of state is constraint between w φ and w ϕ .
B. Effective Potential VT
The effective potential V T is defined in eq.(2) and we expect the fields φ, ϕ to evolve to the minimum of the potential, i.e. V T φ = V φ + B φ → 0 and V T ϕ = B ϕ → 0. If we want to interpret V as the dark energy potential, no fine tuning of the potential V requires that the minimum is at vanishing potential (i.e. V = 0) and V φ < 0 (see section III), however including the interaction term B we can now have V T φ = 0 for a non vanishing total potential V T . A minimum of V T can be reached if B φ > 0 since V φ < 0 by hypothesis. Taking V T φ = 0 and the time derivativė V T φ = V T φφφ + V T φϕφ = m 2φ + B φϕφ = 0, where we used eq.(6), one obtains [11] 
with the solution ofφ + 3Hφ ≈ 0 giving [14] φ
While the derivative of the effective potential V T φ is negative the field φ evolves to larger values and even in the limit V T φ = 0 we have withφ > 0 and a positive the interaction term δ = B φφ . The mass m given by eq.(6) becomes [11] 
with Γ ≡ V φφ V /V 2 φ ( Γ m > ∼ 1 if the field φ is tracking [3] ) and we have approximated ρ φ ≃ V and ρ ϕ ≃ B in then last equality of eq.(22), valid if the kinetic energy is small compared to the potential energy.
III. DARK ENERGY
We may consider the scalar field φ as the quintessence field, i.e. dark energy. In the absence of any interaction term with ϕ, the lagrangian is simply given by
must be satisfied at present time. As a result of the dynamics, the scalar field will evolve to its minimum and if we do not wish to introduce any kind of unnatural constant or fine tuning problem, the minimum of the potential must have zero energy, i.e. V | min = V φ | min = 0 at φ min [6] .
In the absence of a interaction B, a finite value φ min implies that the scalar field φ oscillates around its vacuum expectation value (v.e.v.). If the scalar field has a non zero mass or if the potential V admits a Taylor expansion around φ min then, using the Hôpital rule, one has lim t→∞ |V φ /V | = ∞ and the energy density ρ φ redshifts with w φ = (n − 2)/(n + 2), i.e. w φ = 0, 1/3 for n = 2, 4 [6] . On the other hand, if φ min = ∞ then φ will not oscillate and |V φ /V | will approach either zero, a finite constant or infinity. Only in the case |V φ /V | going to zero or a constant smaller than √ 2 will the universe accelerate at late times [6] . The absence of an arbitrary dark energy scale requires the slow roll conditions to be satisfied also in the future and therefore V is a runaway potential and tends to zero at φ → φ min = ∞. From eqs. (23) we see that V φ and V φφ also approach zero at late times and V φ is therefore negative. Inflation occurs in general for φ ≥ 1 with a mass m ≃ H.
IV. GENERIC DYNAMICAL ANALYSIS
To determine the attractor solutions of the differential equations given in eqs. (3) and (4) or (10) it is useful to make the following change of variables [6] , [7] 
and eqs. (10) and (13) become a set of dynamical differential equations of first order
where N is the logarithm of the scale factor a, N ≡ ln(a),
Notice that all model dependence in eqs. (26) 
is without loss of generality and it is convenient in order to distinguish the contribution from both scalar fields. If we do not want to consider the contribution from the barotropic fluid we can easily take the limit γ b = 0 in eqs. (26) since all contribution form ρ b is given in H N /H via the term Ω b γ b . For Ω b = 0 we will assume a barotropic fluid with 0 < γ b < 2 and γ b = 1 for matter while γ b = 4/3 for radiation.
We do not assume any equation of state for the scalar fields. This is indeed necessary since one cannot fix the equation of state and the potential independently. For arbitrary potentials the equation of state for the scalar fields
have been obtained. Alternatively we can solve for x i , y i using eqs. (26) 
giving an effective equation of state parameters defined in eqs. (15) as
and the acceleration of the universe is given bÿ
where we have usedḢ = HH N and eq.(26). Clearly acceleration will occur if the universe is dominated by the potential y
V. CRITICAL SOLUTIONS
We find the critical solutions to the dynamical equations (26) with x 1N = x 2N = y 1N = y 2N = 0 and solve for constant values of λ i , i = 1, 2, 3. The set of solutions are given in tables I and III. In table I we give, for completeness, the unstable critical points and in table II we show the values of the equation of state parameters for these solutions. More interesting, we give in table III the attractor (stable) solutions. Constant λ implies that the potential V and B are exponential potentials, e.g. V ∼ e −αφ with λ 1 = −V φ /V = α constant. However, if the potential is not exponential we do not expect to have constant λ i and they will, in general, evolve with time. In this case we can use the attractor solution of table III and take the corresponding limit of λ i , which will be either zero, constant or infinity [6] , to obtain the asymptotic behavior of the solutions.
In order to determine the stability of the critical points we perturb eqs.(26) around the critical solution x i , y i and we keep linear terms only . The set of eqs. can be written in a matrix form, Z N = M Z, where Z = (δx 1 , δx 2 , δy 1 , δy 2 ) and we diagonalize the matrix M . The stability of the solution requires the real part of all eigenvalues to be negative. One of the eigenvalues of model U-I is positive with Ei = 3γ b /2 > 0 for γ b > 0 while all other models in table I have at least one eigenvalue of the form Ei = 3(2 − g) > 0 for 0 < g < 2. Therefore they are all unstable solutions.
The eigenvalues of models in table III are given in table IV. We see that depending on the values of λ i the eigenvalues can be negative or positive. For any given choice of λ i there is only one stable solution. In table V we give the constrains on λ ′ s form closure |x i | ≤ 1, y i ≤ 1 and stability arguments. We see that we have two main conditions on λ i . One is the relative size between λ 2 1 and λ 1 λ 3 while the second is the relative size between λ Depending on the relative size of these two conditions the attractor solution will end up either in models S-I,S-II or S-III,S-IV or S-V, S-VI. A further condition on the magnitude of λ i and 3γ b distinguishes between the different models.
In tables VI and VII we give the values of the relevant cosmological parameters such Ω φ , Ω ϕ , Ω b , y 2 T = y 2 1 + y 2 and w φ , w ϕ , w φef f , w ϕef f , g = 2/3λ 3 x 1 y 2 2 . As mentioned in section II A the effective equation of state gives the correct redhsift of the scalar field when the interaction term is considered. Attractor solutions S-I and S-II are the critical solution of a single scalar field in the presence of a barotropic fluid. In these models the energy density ρ ϕ redshifts faster than ρ φ and ρ b so w ϕef f must be larger than w φef f or w b . We see from table VII that models S-III to S-VI have both scalar fields with the same redshift, i.e. w φef f = w ϕef f . In models S-III and S-V the redshift is equal to that of the barotropic fluid while in model S-IV and S-VI it depends on the value of the different λ i with w φef f = w ϕef f < w b . A universe dominated by the barotropic fluid is possible in models S-I, S-III and S-V, while models with no barotropic fluid (Ω b = 0) are given by S-II, S-IV and S-VI. An accelerating universe requires y 2 T to be larger than 2/3 − Ω b /2 and therefore models S-II, S-IV and S-VI are favored. From table VI and conditions in table V we can see that models S-I, S-III and S-V have y 2 T < 1 − γ b /2 < 1/2 for γ b ≥ 1 and therefore do not lead to an accelerating universe.
The eigenvalues of model S-V are
while of model S-VI are
) with
The effective equation of state are given by
with g given in table VII. For model S-VI we have
A. Examples
We now present four different attractor solution depending on the values of λ 1 , λ 2 , λ 3 . We show in figures 1-4 the evolution of Ω φ ≡ Ω 1 , Ω ϕ ≡ Ω 2 , Ω b and w 1 ≡ w φ , w φef f , w 2 ≡ w ϕ , w ϕef f for the different choices of λ ′ s. We also show the phase space of (x 1 , y 1 ) and (x 2 , y 2 ) for each case. Since the phase space depends on four variables, namely (x 1 , y 1 , x 2 , y 2 ) , it is no surprising that the curves in the two dimensional space (x 1 , y 1 ) and (x 2 , y 2 ) may cross.
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VI. ASYMPTOTIC BEHAVIOR
Special cases can be studied by taking different limits of the parameters λ. From tables V and VII we can determine which values of λ i are required for any particular late time behavior we wish to have. For example if we are interested in the behavior of having only two scalar fields and no barotropic fluid (Ω b = 0) we can take the limit γ b = 0 of models in table III. Only models S-II, S-IV and S-VI survive and x i , y i take the same values as in table III. If we prefer a universe dominated by the barotropic fluid than models S-I, S-III and S-V need to be considered. An accelerating universe requires y Model y1 y2 x1 x2 potential approaches zero faster than the potential itself and examples of this kind of behavior are given by potentials of the form V = V 0 φ −n , n > 0. For λ 2 = 0 only model S-V is no longer consistent. Models S-I and S-II remain the same as in table III and model S-III becomes (x 1 , y 1 ) = ( 3/2 γ b /λ 3 , 0) and (x 2 , y 2 ) = (0, ( 3(2 − γ b )γ b /2/λ 3 ), S-IV is now (x 1 , y 1 ) = (λ 3 / √ 6, 0) and (x 2 , y 2 ) = (0, ( 1 − λ 2 3 /6) while S-VI becomes (x 1 , y 1 ) = (0, λ 3 /(λ 3 − λ 1 )) and (x 2 , y 2 ) = (0, λ 1 /(λ 1 − λ 3 )). In the case λ 3 = 0 all models remain valid from closure arguments and are given in table VIII. However, models S-I to S-IV are no longer stable for λ 1 = 0 = λ 2 , as seen from table IV, and only models S-V and S-VI are the attractor solutions.
Finally, if we impose the condition λ 1 y 
and since −3 ≤ H N /H ≤ 0 for all values of x i , y i and γ b we conclude that x 1 will approach its minimum value (i.e. x 1 → 0). If |λ 1 | < ∞, so that λ 3 x 1 → 0, then the evolution of y 1 becomes
and y 1 will increase to its maximum value (i.e. y 1 → 1). Since x 
A. Particle Physics Model
Let us now take a specific choice of potentials motivated by particle physics. We consider a factorisable interaction potential
In this case the λ i parameters become only functions of a single field where the prime denotes derivative w.r.t. its argument. Let us take a simple example where the potential for the scalar field φ has an exponential behavior, widely used in particle physics as for dark energy potential, while we take a power law potential for ϕ which would represent a standard scalar field. It is well known that for a single scalar field with potential of the form ϕ n the energy density redshifts as w ϕ = (n − 2)/(n + 2) giving w ϕ = 0, 1/3 for n = 2, 4 [6] . So, we take V = V o e −αφ , B = B o e βφ ϕ n with V o > 0, B o > 0. In this case λ 1 = α, λ 3 = −β, λ 2 = −n/ϕ . The effective potential defined in eq. (2) . We see that in both cases the amount of energy density from the field ϕ vanishes and the solutions reduce to a single scalar field φ which depending on the value of λ 1 = α we can have a universe completely dominated by the scalar field φ with an accelerating universe for λ 
VII. SUMMARY AND CONCLUSIONS
We have studied the dynamical system of two scalar fields with arbitrary potentials in the presence of a barotropic fluid in a FRW metric. We have shown that all model dependence is given in terms of three parameters, namely λ 1 (N ) = − V φ /V, λ 2 (N ) = −B ϕ /B, λ 3 (N ) = −B φ /B, and we have calculated all critical points and determine their stability. We have seen that there are six different attractor solutions given in table III. For a given choice of λ i the attractor solution depends on the relative magnitude of λ 1 , λ 2 , λ 3 and γ b as discussed in table V. We have calculated the relevant cosmological parameters and we have shown the phase space for four different attractor solutions. Finally, we have discussed the different asymptotic limits of the parameters λ i and we have studied a special type of scalar potential motivated by particle physics.
